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Chapter 1

Quantum Networks

1.1 A brief introduction to Quantum Networks

The world we live in is based on interconnected networks. Of all types of networks,
the Internet is the one that most characterises our daily activities. Although its
ultimate nature is digital, the Internet is based on a complex set of physical elements
that enable it to function, and the various strategies that can be implemented with
these elements (hereinafter referred to as protocols) allow us to perform di erent
types of tasks. In line with the growing development of quantum technologies, it
IS natural to expect that the Internet and networks in general will also undergo a
guantum evolution, especially since several tasks that cannot be implemented on
classical networks are instead possible in a quantum context. These include key
distribution [8, 17], clock synchronization [28], improving the baseline of telescopes
[24], and several others [51]. Before getting into the actual discussion, let us take a
few lines to introduce the basic concepts that we will be using throughout this work.

1.1.1 Photon encoding

From an experimental perspective, photons have established themselves as a leading
quantum information carrier. This is due to the fact that they are easy to transmit
over low-loss long distance channels, and moreover they can encode information
in a relatively easy way, and actually we have several di erent degrees of freedom
we can exploit in order to encode information into light. Two main categories of
encoding exists: discrete variable (DV) and continuous variable (CV) encoding. The
di erence between the two lies in the cardinality of the corresponding Hilbert spaces:
the state space of DV encodings is spanned by a nite number of orthogonal states,
whilst the state space of CV encodings is spanned by an in nite number (possibly
countable) of orthogonal states. In the present work we'll use just DV encodings,
consistent with what often occurs in literature [4], essentially because CV encodings
are patrticularly challenging when it comes to suppression of loss errors [38]. Another
distinction we can make is the one between single-rail and dual-rail encoding. One
can intend a rail as an optical mode used to characterize the information about a
state. In particular, we will consider

" Fock encoding, as a single-rail encoding that indicates the occupation number

3



4 CHAPTER 1. QUANTUM NETWORKS

Figure 1.1: Bloch sphere representation of a qubit.

of photons of a given mode (jOi; j1i;j2i; :::). In this representation, the qubit
j i is encoded into the Hilbert subspace of a single mode spanned by the
vacuum state jOi and the single-photon state j1i (j i = ajOi + bj1i);

A

Polarization encoding, as a dual-rail encoding that encodes a qubit j i into
the polarization state of a single photon, j i = ajHi+bjV i, where jHi = j10i
and jVi =j01i (we use two optical modes to encode this information, therefore
the name dual”).

For the single-rail encoding, with reference to Figure 1.1, we can always implement
a rotation along the Z axis through a phase shifter, but the same cannot be done
along the X axis, because state jOi and state j1i have di erent energies, and therefore
non-linear optics operations are needed. On the other hand, it's always possible to
perform a single qubit rotation through linear optics elements in dual-rail encoding
[27]. Another notable dierence is that for single-rail encoding it is possible to
generate entanglement deterministically with linear optical resources, while the same
process is necessarily probabilistic in dual-rail encoding. A good example of this
di erence is shown in Figure 1.2.

1.2 General scheme for a quantum network

A guantum network consists of essentially two components: processing nodes and
guantum channels. A processing node is in general a node that can perform arbi-
trary local operations (LO) allowed by quantum mechanics [53, 37]. Concretely it
could be a quantum computer or a repeater node, and it's the latter possibility the
one we'll focus on in the following sections. The LO of a node X is mathematically
described by a completely positive (CP) map, that takes in input a generic state

and returns a state , with probability p ¢ in output, where | = W where

fM X g are Kraus operators [3]. On the other hand, a quantum channel between
nodes X and Y can be implemented experimentally as an optical ber, a super-

conducting microwave transmission line, or even optical free-space link; however, it
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Figure 1.2: Examples of implementations of Bell state measurements (BSM). (a) Bell
measurement for polarization-encoded qubits, spanned by horizontally and vertically
polarized single-photon states jHi and jVi. This is implemented using the applica-
tion of a symmetric beam splitter (BS) on optical modes, followed by a polarization
beam splitter (PBS) on each of the two output modes and then by photon detec-
tion at all the output modes. Clicks in detectors Ry and D¢y or in Dgy and Dgy
project the received pair of the qubits into the Bell state j *i = pl—é jHVi+jVHi
while clicks in detectors Qi and Dgy or in Doy and Dgy project the received pair
of the qubits into the Bell state j 1= pl—z JHVi jVHi . Notice that this Bell
measurement can succeed only when the input two optical pulses have two or more
photons in total. (b) Bell measurement for Fock-encoded qubits, spanned by the
vacuum state jOi and the single-photon state jli. This is implemented by the ap-
plication of a symmetric BS on optical modes, followed by photon counting at the
output modes. Crucially, the Bell states in single-rail encoding live in di erent exci-
tation subspaces. A click in the detector [ (or D4) at the constructive-interference
(destructive-interference) mode projects the received pair of the qubits into the state

j *i= e j0li+j10i | i= #5 jOli j10i . Both implementations can dis-

tinguish j i from the other states only, and the success probabilities are thul;:
even in the ideal cases.
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is broadly speaking a completely positive trace preserving (CPTP) map that acts
as NXY () = Tr go[UXEYE °C joi ¢hOj)(UXEYE °)Y], with UXEYE ° as a uni-
tary acting on Hilbert space i H ¢ = Hy H go, where E; E° account for the
environment. It is particularly useful to have such an abstract de nition of a quan-
tum channel, since this allows us to establish the limits of our quantum networks
by studying the maximum capacity of the associated channels. Currently, it's still
unknown how to compute the capacity of a general channel, and in many cases the
best we can get are bounds [2, 40, 41]. However, for the lossy bosonic channel the
capacity is known [42], and this is enough for our work, since the pure-loss bosonic
channel is often used as a model for the optical ber [4], and in our model we'll use
precisely these as quantum channels. We can write it using gg&J such that:

(Uxe)al (U )= Pal + P13 . (1.1)

where g is the creation operator in the bosonic system X and 0 1 is the
channel transmittance. Even if it has no practical purpose for the rest of the work, it
is worth noticing that based on the structure we outlined for the quantum network,
one can de ne a graph G = (V; E) with a set V of vertices and a set E of directed
edges, in such a way that vertices in the set V and directed edges in the set E
correspond to quantum information processing nodes and quantum channels in the
guantum network, respectively. A graphical representation of such a description is
seen in Figure 1.3.

Figure 1.3: Depiction of a quantum network as a graph.

1.3 Communication over a quantum network

If we want to understand how to use the knowledge of the earlier sections, we
should beforehand clarify what's the purpose of the quantum network we have in
mind. What we want to achieve is fast and reliable communication between two
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parties (A and B in Figure 1.3), meaning that we want to send information from
a sender A to a receiver B with little (or in principle no) loss. One way to achieve
this is through quantum teleportation, that we illustrate below.

1.3.1 Quantum teleportation

Quantum teleportation [7] consists in transferring quantum information between
two distant parties without having to transfer the physical carrier of that infor-
mation, and in order to achieve this the parties must share beforehand a classical
communication channel and an entangled pair.

Suppose A owns a qubit in a generic state j4,, and shares with B an entan-
gled pair j "ia,g, that for the single-rail encoding is j "ia,s = i@l—E J0i,j0Ig +
1lia,jlig . If A performs a Bell-state measurement (remember Figure) on her two
qubits A; and A,, she will project B's qubit onto a state, that is exactly the state
j iup to a local rotation, established by the outcome of A's measurement according
to:

J Tiaa il B (1.2)
J oiana,'Z BjioB; (1.3)
i i !X sji s (1.4)
j iana,'Z BXgji B! (1.5)

Through the classical channel, A communicates to B the outcome of her measure-
ment, so that B can apply the correct rotation and recover the state j i, ending the
teleportation.

We therefore realize that the main goal to achieve reliable quantum communication
Is to share a Bell pair between two distant parties, and this is what we'll focus on
in the next section.

1.4 Quantum repeaters

Now that we identify our goal with the sharing of a Bell pair between two parties
A, B separated by a distance L, we ask what are the best strategies to achieve it.
Before giving an answer, it's worth to show why a direct communication of a qubit
over an optical ber it's unpractical. With reference to Eq. 1.1, we know that the
transmittance of the optical ber is related to its length L by

=e ‘Lat, (16)

where Ly is the attenuation length, that in the case of typical optical bers is
22km. With such a negative exponential scaling of the transmittance, for a distance
L = 500km we would have 10 1° | that in the best hypothesis for the private
capacity would guarantee a rate in the order of%. To give an idea of this value, a
24-hour communication would allow a 20-kilobyte email to be shared securely at best
[4]. It is obvious that this makes it impossible to hope to base quantum networks
on point-to-point communication.
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Of course, simply generating a local Bell pair and send one qubit over the channel
su ers from the same problem, therefore we are required to introduce some more
elements in order to make quantum communication over long distances feasible. It
seems that it's not possible to require for both photons of the entangled pair to
be generated locally together and later distributed, because in the end the total
amount of distance traveled by the Bell pair will be L, and we won't have any
mitigation of the loss we just saw. We need therefore a procedure that allows us
to generate entanglement between two photons, without the need of making them
interact. Entanglement swapping serves the scope, as we see below.

1.4.1 Entanglement swapping

Entanglement swapping [39] consists in entangling two qubits that never interact.
To realize it, we need two Bell pairs, one shared between A and C and the other
between C and B. The initial state j *iac,j "ic,s can be rewritten as

i Tiacd Tices = EJ Tipgl Ticic,ti iasl iciceti Tiael Ticie,tl iasl dcics s
(1.7)
and by applying a Bell-state measurement, C will individuate one of the four Bell
pairs, projecting also the qubits shared between A and B in the same Bell pair. This
procedure is remarkable for two reasons: rst, it generates a Bell pair between A and
B without making the qubits of the pair ever interact, and second, the generated
Bell pair is ready to be used for further processing, and not immediately consumed.
This latter property is achieved because the swapping procedure we just described
is an heralding generation of states [19], where we detect just a portion of the the
total photons, leaving the undetected ones ready to be further used, opposed to
post-selected states, that are instead generated by measuring all the photons in the
system, validating the generation of the state but consuming it at the same time.

Now, how can we put entanglement swapping in the picture? A possibility is shown
in Figure 1.4.

Figure 1.4: Two parties A andB separated by a distance L each own an entangled
pair. They perform entanglement swapping by performing a BSM at the middle
station. In this case, contrary to what we showed in Figure 1.2, the success prob-
ability is 25%, because with a coincidence detection we are able to distinguish just
the state] .

Doing a Bell-state measurement in the middle allows us to make the photons travel
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Figure 1.5: We add a repeater in the middle. In light blue we represent the memories,
that don't immediately release information, but can store it for some time.

just half the length, % but this is not enough to improve with respect to the direct
transmission. In fact, requiring that both photons successfully reach the middle
measurement station means that the total probability of generating an entangled

pair between A and B is

pas = (e Zai)(e Tai)ps=e Taps= P (1.8)

where R is the swapping probability, i.e. the probability that C can successfully
detect its Bell pair. Even when g = 1 (and we saw this is not typically true), still our
probability p registers no gain with respect to the point-to-point communication. If
we express this result in terms of the expected number of trials E, that is the number
of times we expect to repeat our protocol, we would say that E is still
E= -1,
Pas

(1.9)

Entanglement swapping goes in the right direction, but we still miss an ingredient to
increase the e ciency of the entanglement sharing, and this is quantum memories.

1.4.2 Quantum memories

Quantum memories [36] are devices that, similarly to what happens in the classical
context, are able to store information (encoded in our case by qubits) for a certain
amount of time, and release it on demand. As of today, they are mainly realized
either through delay lines, optical cavities or most notably atomic ensembles [15].
However, here we are not interested in the di erent possible experimental realiza-
tions, but just on their physical ability to store states. With quantum memories, we
can upgrade the scheme in Figure 1.4 to the scheme in Figure 1.5. Now, at the cost
of using more resources (photons, memories, detectors), we build a protocol that
consists of the parallel generation of two Bell pairs through entanglement swapping
between A;C and C; B, where C is called quantum repeater. When both pairs are
successfully generated, we can perform the last swapping at the repeater, and if it
Is successful, we have a Bell pair shared between A and B. From the computational
point of view, nothing new is happening, and what we observed in Eq. 1.7 is enough
knowledge to recover the result with more resources; the real novelty is given by the
use of memories, that allow for a good Bell pair generated either between A;C or
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C; B to be stored. Without memories, this protocol could be successful only when
both pairs are correctly generated in the same trial, and we would nd again the
result in 1.9. Now instead, we allow for the pairs between A;C and C;B to be
generated in the same trial, but also over di erent trials, so that if the generation of
a Bell pair on one side is successful and the other fails, we don't have to restart from
scratch, but we keep the partial success stored and we just repeat the generation of
the other pair until that is also successful.

The probability of generating an entanLgIed pair through sw?pping between one

of the parties and the repeater is p = (e*at )(e ﬁ)ps = (e Za )ps. Now, since

it's not required to get both pairs in the same trial, we don't simply write E = ﬁ
(this would correspond to both pairs generated and successful nal swapping in the

same trial), but instead [46]:
_ 32 L.
P2 p)p s
Comparing the results in 1.9 and 1.10 we see how the use of quantum memories wins
us a square root improvement in the generation of a Bell state between A and B.
Di erent methods can be used to compute the expression in 1.10; at the moment

we just send back to the reference [4], but in the following chapters we'll show our
personal derivation of this result.

(1.10)

1.4.2.1 Nested quantum repeaters

What we presented in Figure 1.5 is typically called quantum repeater protocol, and
in particular one that makes use of a single repeater. However, the structure of the
setup associated with the functioning logic are so general that we can immediately
think of putting more repeaters in between A and B, concatenating them, reaching

structures as those in Figure.

Figure 1.6: Nested repeater with 5 intermediate repeater nodes. Whenever two
adjacent segments are ready, a node will attempt a swapping to share entanglement
over a longer distance.

These are referred to as nesting levels of the repeater chain, and even if an exact
expression for the expected number of trials is still not known in this general case
(strategies exist to numerically compute the expectation values at higher levels [41]),
a good approximation is easy to extrapolate [4]:

n |
2pap( )’

att

(1.11)

where p( ﬁ) = (e T )ps and n is the nesting level. For completeness, we
also indicate that in the case of a deterministic swapping, i.e.sp 1 (we already



1.4. QUANTUM REPEATERS 11

argued several times about never reaching this value in practice), a general solution
is known:
xXn n (1) k+1

E,= :
K 1@ p( HE)X

(1.12)
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Chapter 2

The Al approach

2.1 Introducing Al to tackle Quantum Networks

The study of quantum systems, or physics in general, through the use of Al is an
increasingly common activity in the scientic community. Great variability in the
analysis of these systems is guaranteed by an ever-increasing number of machine
learning (or deep learning) techniques, but we believe that great importance should
be assigned to the underlying philosophy that guides the process of discovery and
understanding of the results [33]. Remaining faithful to our subject of study, we will
not delve into a general analysis of the various Al techniques applied to quantum
technologies, for which we refer to [34], but we will limit ourselves to retracing some
important steps in the design of quantum optical circuits through Al until we arrive

at our current software.

2.1.1 Evolution of Al in quantum optics

There is some unbreakable discrete nature when it comes to generating blueprint
for experiments. In fact, experimental setups are composed by a nite nhumber
of elements, that in the context of quantum optics are lasers, nonlinear crystals,
single photon sources, beam splitters, phase shifters, photon detectors, and so on. A
given combination of such elements could lead to a very useful setup, for example to
generate some complex high-dimensional state, but exchange one single element and
you will nd yourself with completely di erent, and most probably useless, setup.

In the past, it was the task of expert quantum physicists to combine these elements
in such a way as to provide the desired result, but in recent years machines have
emerged that are capable of performing automated discovery from scratch. The
rst example of this kind is presented in [31]; the Al named Melvin, like any other
scientist, has its own toolbox full of the experimental components we listed above.
He puts optical elements from the toolbox onto a virtual optical table. The algorithm
initially starts to put elements from the toolbox in random order, and if the candidate
setup satis es all sanity checks, a simulator computes the full experimental output.

If the setup produces the desired quantum state, it is automatically simpli ed and
reported to the user. In addition, the setup is then stored as a new part of the
toolbox. In that way, over time, the algorithm learns useful macro components

13
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which it can use in subsequent iterations. Thereby, it can already access useful
operations that signi cantly speed up the discovery process. For details see Figure
2.1.

Figure 2.1: Melvin work ow.

Melvin succeeded in individuating several new blueprints that where also tested in
the laboratory [30]. Not only these discoveries surpass sometimes the best human
implementations, they are also often quite unintuitive for the scientists that nd
them. Being such a young eld, there's still a quite strong debate over the reasons
that lead sometimes to such a mismatch between humans and machines when it
comes to nding new experiments. Our idea is that we can imagine the space of all
the possible realizable experiments under given physical rules as the one in Figure
2.2.

Figure 2.2: Abstract space of all experimental con gurations. This space contains
all possible experimental setups, including all con gurations with the exceptional
properties, such as quantum networks that can distribute entanglement (indicated
by stars). In this space, creative and experienced human researchers have found
many setups (orange). However, other useful but unorthodox designs might never
be detected in this way. Here, Al-based design might help (violet).

Our human intuition, theoretical background and habit to a certain speci ¢ approach
to analysis naturally restrict ourselves to exploring just portions of the space. On
the other hand, machines will suer in part from dierent biases, and this can
potentially lead to the exploration of di erent regions of the space.

What's clear is that we still need to understand what the machine is doing, and
the great interpretability of Melvin allowed human scientists to generalize some of
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the discoveries, unravelling previously unknown concepts, one of which was par-
ticularly useful to create the second algorithm we mention: PyTheus [45]. It was

discovered in fact that many quantum optical experiments can be translated into a

graph-based representation [32], as shown in Figure 2.3.

Figure 2.3: Discovery of quantum experiments. Quantum optics experiments can be
represented by colored graphs. Using the most general, complete graph as a starting
representation, the Al's goal is to extract the conceptual core of the solution, which
can then be understood by human scientists. The solution can then be translated
to numerous di erent experimental con gurations.

Now, the problem of nding a certain quantum setup can be directly translated into
discovering a graph with certain properties. Being now the parameters continuous,
one can use gradient-based optimization algorithms to nd the solution, making
the model orders of magnitudes faster than the previous technique. This marks
an important shift in the approach: we try to break the discrete nature of the
problem by embedding it in a more general continuous space. To conclude, the
graph's topology is eventually simpli ed, such that the human researcher is not only
presented with a solution, but can immediately understand why and how the solution
works. The algorithm has been used to answer numerous open questions and has
led to new concepts, some of which have already been experimentally realized [50].

2.1.2 Improving on the existing models

Our brief historical review of Al models used for automated discoveries of experi-
mental setups in quantum optics, left us with two main observations: rstly, we have
now a clear image of the space we are operating into (see Figure 2.2), and secondly,
we know we want to make this space continuous, since this will win us orders of
magnitudes in execution time. What's left to understand is which schematization
are we using to represent our physical system, if oriented to the real experimental
tools or instead more abstract.

As some works already show [29, 44], whenever we are in possess of a very fast
and reliable simulator, a good representation of the general solution space is all we
need to perform an optimization. We call this good initial representation an ansatz.
However, the time required by the simulator and the optimizer to compute states is
strictly related to the parametrization we make of that space. Although PyTheus has
improved Melvin's execution times by introducing continuous parameterisation, the
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Figure 2.4: EsQueranto toolbox with elements built in the number basis. Credits:
[25]

abstraction of graph formulation limits us in the type of operations we can perform

and the type of tools we can use (for example, it is unclear how to introduce quantum
memories). It therefore seems convenient to come back to the real experimental
tools, keeping the continuous description. This is precisely what EsQueranto does.

2.2 EsQueranto

EsQueranto is a JAX-based[10] software originally proposed and designed in [25] for
the simulation of quantum optics setups. Despite it still being under development,
we will show in the remaining part of this chapter some examples of its possible
applications, to be intended as a playground to get familiar with its syntax and
structures (see Figure 2.4).

Later, in the last two chapters, we'll apply it explicitly to quantum networks and
we'll show how to perform optimizations with it. Before showing the examples, let's
spend some time on introducing JAX, in order to understand why it is a particularly
good choice for automated discovery.

2.2.1 JAX: automatic di erentiation for machine learning

JAX is a modern Python library for high-performance numerical computing that has
rapidly gained popularity in the elds of machine learning, scienti c computing, and
quantum simulation. At its core, JAX provides a NumPy-like API, but it is designed
from the ground up to leverage accelerators such as GPUs and TPUs, while also
exposing powerful tools for automatic di erentiation, compilation, and paralleliza-
tion. In practice, JAX allows researchers to write code that is both mathematically
expressive and computationally e cient, making it particularly suited to the kind of
large-scale optimization tasks that arise in machine learning and physics, precisely
as the one we are tackling in this work.

One of the most distinctive features of JAX is its support for automatic di er-
entiation (autodi ), implemented through the grad and value_and_grad primi-
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tives. Unlike symbolic di erentiation or numerical nite di erences, JAX's autodi

is based on reverse-mode di erentiation, the same technique used by deep learning
frameworks such as TensorFlow or PyTorch, but implemented in a functional and
composable way. Given a function

f(x) = x 2+ 3x+sin(x); (2.1)
JAX can automatically provide the derivative
rf(x) = 2x + 3 + cos(x); (2.2)

without requiring symbolic manipulation or explicit nite di erences. More gener-
ally, if f : R" I R, JAX's reverse-mode di erentiation computes rf(x) in time

O(1) (i.e. constant) relative to evaluating f(x), which is ideal for optimization. In
contrast, forward-mode di erentiation, accessible through jax.jvp, is more e cient
forf : R! R ™, since it propagates derivatives along input directions. JAX sup-
ports both modes and even higher-order derivatives. For instance, the Hessian of a
function can be computed as

@f(x) .
@x@x’

by simply nesting transformations like jax.grad(jax.grad(f)).

Another central component is the just-in-time (JIT) compilation, imple-
mented via the @jit decorator. When applied, JAX traces the Python function,
builds a computation graph, and hands it o to XLA (Accelerated Linear Algebra)
[23]. XLA generates optimized code for the target backend (CPU, GPU, or TPU),
fusing operations into e cient kernels and reducing memory overhead. This allows
researchers to write clean Python functions like
Q@jit
def step(params, X):

return jnp.dot(params, X)

Hi) =1 2f(x) = (2.3)

and obtain performance comparable to low-level CUDA or C++ implementations.

Beyond di erentiation and compilation, JAX provides primitives for vectoriza-
tion and parallelization. The vmap transformation automatically lifts a function
f:R"I'R ™ to operate on batches:

vmap(f)(X1; X2; 115 Xg) f(x1);f(x 2);::0:f(xB) ;5 (2.4)

removing Python loops and generating e cient batched GPU kernels. Similarly,
pmap distributes computations across multiple devices, e.g. many GPUs, enabling
near-linear speedups for large-scale training or simulation.

An additional strength of JAX lies in its hardware compatibility. The same
Python code runs seamlessly on CPU, GPU, or TPU without modi cation, provided
the appropriate backend is installed. This portability makes it appealing in quantum
information, where computations may scale from local prototyping on a laptop to
distributed clusters. Tight integration with CUDA and ROCm ensures e cient GPU
memory usage, while XLA provides low-level optimizations such as kernel fusion.
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Finally, JAX follows a design philosophy based on composable function trans-
formations. Transformations like grad, jit, vmap, and pmap can be arbitrarily
combined, for instance:

pmapjit vmapgrad(f) ; (2.5)

allowing one to compute gradients of a batched function across multiple devices with
minimal changes to the original code. This functional approach has been highlighted
as one of the core innovations of JAX [10].

In summary, JAX o ers a unigue combination of features automatic di erentia-
tion in both forward and reverse modes, JIT compilation to XLA backends, e cient
vectorization through vmap, scalable parallelism via pmap, and hardware portability.

2.2.2 First example: generation of a NOON state
A paradigmatic resource in quantum optics is the so-called NOON state, which for
N photons has the form

J Nooni = Pl—é iN;Oi+e™ jO;Ni ; (2.6)

where jN; Oi denotes all N photons in mode a and none in mode b, jO; Ni the reverse
situation, and is a phase. Such states are central in quantum metrology for phase
super-resolution and approaching the Heisenberg limit [14, 20, 21].

Beam splitter convention. We adopt the standard lossless 2 2 unitary for a
beam splitter acting on the annihilation operators,

y i y
& - esin o cos B o) o202)  @7)
fy cos e' sin Y,
" {z }
Uss(; )
which satis es WsUss = | and has intensity transmittance T = cos® and re-
ectance R = sin? [11, 35]. The corresponding action on creation operators reads:
a e ' sinal,+tcos B,; (2.8)
¥ 1cosa Y, e’ sin ®,: (2.9)

For a balanced beam splitter we set =;; an overall device phase can be absorbed
and is physically irrelevant.

Derivation for N = 2. To illustrate how a NOON state can be generated, consider
the simplest non-trivial case with N = 2. We begin with two single photons entering
the two input ports of a balanced 50:50 beam splitter. The input state is

ilia j1i b jL1i (2.10)

meaning that there is one photon in mode a and one in mode b.
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Using the balanced version of (2.7) with = 0 (a common, convenient choice),
the creation operators transform as

a1 ke (2.11)
broes o b (2.12)

Applying this to a¥®jo; 0i gives
abjo;oi ! L a+b & B jooi (2.13)
= 1 &% B2 jo;oi (2.14)
Thus, the output state after the beam splitter is
. . 1
I ol = P j2;0i j0;2i (2.15)

which is the two-photon NOON state in 2.6 with = . Physically, the two photons
always exit together in the same output mode but never one per mode: the destruc-
tive interference of the j1; 1i output term is the hallmark of the Hong Ou Mandel
e ect [26].

In the following, we will use our software EsQueranto to simulate this situation
and verify numerically the generation of the NOON state.

Listing 2.1: Simulation of a 2-photon NOON state with EsQueranto.

from optical_elements import *

cutoff = 3
num_modes = 2

# Define the input state |1,1> as a sparse BCOO tensor

input_idx = jnp.array([[1,1]], dtype=jnp.int32)

input_data = jnp.array([1.0+0j], dtype=DTYPE_COMPLEX)

input = jsparse.BCOO((input_data, input_idx), shape=(cutoff,)*
num_modes)

# Define a balanced beam splitter (theta = pi/4, phi = 0)
bs _params = jnp.array([jnp.pi/4, 0.0])
bs_modes = (0,1)

# Apply the beam splitter
output = apply_bs(input, bs_params, bs_modes)

print(output)

The printed output corresponds to the two-photon NOON state:

[[0 2]
(2 O]]
[-7.0710635e-01+0.]  7.0710635e-01+0.j]
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This means that the state is a superposition of
pl—§j0; 2i + pl—ijZ;Oi; (2.16)

which matches the theoretical result obtained from the beam splitter transformation.

There are some observations about the software worth to make. As one can see,
rst thing we do is to introduce a cutoff, which indicates the number of allowed
states of a single mode. Being in the Fock representation, the state of a mode is
represented by the number of photons in that mode, and if we want to allow for a
maximum number n of photons in a single mode, then cutoff = n+ 1 (we need
one state for jOi). That's why in the example above we use cutoff = 3, having to
describe modes with j0i;j1i;j2i. Also we make use of the sparse module built in
JAX [48], that we introduce basically to keep memory usage under control. In fact,
given a cutoff C and a num_modes M, the whole Hilbert space has a dimension d
of

d=CcM; (2.17)

which for the case above corresponds to the case d = 9, where we have j00i; jO1i;j10i; j11i;
j02i;j20i;j12i; j21i;j22i. If we represented the whole space through a dense array,

we would have to carry around all these kets, even if they have coe cient zero. With

the sparse representation instead, we just carry the non-zero elements, which in the
case of the NOON state are two (j02i; j20i).

2.2.3 Second example: quantum teleportation

As a second example we show the realization of a quantum teleportation, that
we already theoretically discussed in[], but this time we work in the polarization
encoding. In particular we'll replicate the original experiment presented for the rst
time in [9]. A sketch of the experimental setup can be seen in Figure 2.5. To prepare
the initial photon and the initial entangled pair one does simply:

Listing 2.2: Preparation of initial resources.

from optical_elements import *

cutoff = 3
num_modes_photon_1 = 2 #(1 physical mode in the circuit, 2
modes in the code)

# Define the input state 1/sqrt(2)*(|H>+|V>)

photon_1 idx = jnp.array([[1,0], [0,1]], dtype=jnp.int32)

photon_1 data = jnp.array([1/jnp.sqrt(2)+0j, 1/jnp.sqrt(2)+0j
], dtype=DTYPE_COMPLEX)

photon_1 = jsparse.BCOO((photon_1 data, photon_1 idx), shape=(
cutoff,)*num_modes_photon_1)

num_modes_entangled_pair = 4 #(2 physical modes in the
circuit, 4 modes in the code)
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# Define the entangled pair 1/sqrt(2)*(|HV>-|VH>)

entangled_pair_idx = jnp.array([[1,0,0,1], [0,1,1,0]], dtype=
jnp.int32)

entangled_pair_data = jnp.array([1/jnp.sqrt(2)+0j, -1/jnp.sqrt
(2)+0j], dtype=DTYPE_COMPLEX)

entangled_pair = jsparse.BCOO((entangled_pair_data,
entangled_pair_idx), shape=(cutoff,)*
num_modes_entangled_pair)

state = outer_product(photon_1, entangled_pair) #Complete
system of 6 modes

Figure 2.5: Experimental setup to perform a proof-of-principle about quantum tele-
portation. The single photon can be in both +45 or 45 polarizations.

We immediately notice that due to the choice of working with polarization encoding,
we have to duplicate the rails, in order to represent that particular information. No
new implementation is needed at software level: the representation of states in the
number basis is so general that we can go from single-rail to dual-rail smoothly.
Now, at Alice's measurement station (red in Figure 2.5) we perform a BSM as
already presented in Figure. Since this is the simple implementation of the BSM,
we expect a 25% success probability, because we are able to distinguish just the Bell
pairj i= p%(jHVi JV Hi) (a more detailed analysis of the BSM through the
software is presented in Appendix). In the code this reads:

Listing 2.3: BSM at Alice station.

# Define a balanced beam splitter (theta = pi/4, phi = 0)
bs_params = jnp.array([jnp.pi/4, 0.0])

bs_modes_ H = (0,2)

bs_modes_V = (1,3)
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# Apply the beam splitter on both horizontal and vertical

modes
state = apply_bs(state, bs_params, bs_modes_H)
state = apply_bs(state, bs_params, bs_modes_V)

We should pay attention to the code above, because now that we are in polariza-
tion encoding, to apply a BS means to apply it between horizontally polarized and
vertically polarized modes, as shown in Figure 2.6.

Figure 2.6: Action of a BS in polarization encoding.

At Bob's measurement station we have to analyze photon 3 from the entangled pair,
and since we want the teleportation of a +45oriented photon, we should measure
through a PBS oriented at 45. To do so, we place an HWP oriented at ! = 22:5
before a PBS. The HWP can be implemented in the code through a BS (Figure 2.7),
due to the fact that it's represented by

a), cos(2) sin(2)) & |
T i ;12105 5] 2.18
a, sin2) cos(2!) . &, [0; ] (2.18)
I {z }
Uss(; )
and comparing 2.18 with 2.7 we notice that they are equal for = 2!; =0.

Also the PBS can be implemented through a BS in the code (Figure 2.8), being
simply a swap over the horizontal modes. We write therefore:

Listing 2.4: Measurement at Bob station.

# Define a HWP oriented at 22.5"\circ --> theta = pi/4, phi=0
hwp_params = jnp.array([jnp.pi/4, 0.0])
hwp_modes = (4,5)

state = apply_bs(state, hwp_params, hwp_modes)

# The PBS has a vacuum entry, so we need to create a two modes
vacuum first

vac = create_vac(2) #function that generates a n-modes vacuum
simply calling create_vac(n)

state = outer_product(state, vac) #Now 8 modes in total

# Apply the PBS
pbs _params = jnp.array([0.0, 0.0])
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Figure 2.8: Action of a PBS in polarization encoding.

pbs_modes = (4,6)
state = apply_bs(state, pbs_params, pbs_modes) #no action on
the vertical modes

Figure 2.7: Action of a HWP in polarization encoding.

Now it's left to measure the three-fold coincidences at the detectors. Starting with
a +45 polarized photon, we expect to measure the teleported photon in detector
d,, while measuring dark in detector g. This of course given that we are measuring
a coincidence detection in f and f,. We simply write

Listing 2.5: Detection to verify teleportation.

# Define the detectors modes

det_modes = jnp.array([[0,1], [2,3], [4,5], [6,7]]) #We
indicate the mode pairs over which each single detector
measures: f 1, f 2, d 1, d 2

#We measure with threshold detectors
probs = det_threshold(state, det_modes)

print(probs)

The printed output corresponds to our expectations:

1101: 0.250
1110: 0.000

where 1 indicates a measurement in the corresponding detector, and 0 means dark.
Of course, if we restarted the procedure by choosing as initial stap%(jHi Vi),

so the photon polarized at 45 , we would get by the same procedure swapped nal
detections:

1101: 0.000
1110: 0.250
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Figure 2.9: Experimental setup for the proof of principle of entanglement swapping.

2.2.4 Third example: entanglement swapping

As a third and last example we show how to realize another major experiment: the
rst realization of entanglement swapping, presented in [39]. The sketch for the
experiment is shown in Figure 2.9. We already know how to implement everything
beside the polarizing Iter, but we'll just use an HWP considering the horizontal
output as the surviving part. Since the initial state isj i1 134, analogously to
what we saw in [] we can rewrite it as

ol ia= % j Tina Tzt ina iazt) Tiag) Tis+] 1) sz

(2.19)
and again with a 25% BSM we can individuate the state j i,3, which implies that
photons 1 and 4 should be in state | 114. If this is true, then their polarizations
should be orthogonal in any polarization basis, and in particular we decide to mea-
sure photon 1 along the +45 (D7), 45 (D,) axes. At a varying value of ! one
should observe for the two four-fold coincidence detections of D4 and D, D4 two
sine curves out of phase of. We write

Listing 2.6: Entanglement swapping in EsQueranto.

# Define the initial state

cutoff=3

num_modes_entangled_pair = 4 #(2 physical modes in the
circuit, 4 modes in the code)

entangled_pair_idx = jnp.array(][1,0,0,1], [0,1,1,0]], dtype=
jnp.int32)

entangled_pair_data = jnp.array([1/jnp.sqrt(2)+0j, -1/jnp.sqrt
(2)+0j], dtype=DTYPE_COMPLEX)

entangled_pair = jsparse.BCOO((entangled_pair_data,
entangled_pair_idx), shape=(cutoff,)*
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num_modes_entangled_pair)

state = outer_product(entangled_pair, entangled_pair) #
Complete system of 8 modes

#BSM on photons 2&3

bs _params = jnp.array([jnp.pi/4, 0.0])
bs_modes H = (2,4)

bs _modes_ V = (3,5)

state = apply_bs(state, bs_params, bs_modes_H)
state = apply_bs(state, bs_params, bs_modes_V)

#Measurement on photon 4

hwp_params = jnp.array([3*jnp.pi/4, 0.0])
hwp_modes = (0,1)

pbs_params = jnp.array([0.0, 0.0])
pbs_modes = (8,9)

state = apply_bs(state, hwp_params, hwp_modes)
vac = create_vac(2)

state outer_product(state, vac)

state apply_bs(state, pbs_params, pbs_modes)

#Measurement on photon 1 and four-fold coincidence
det_modes = jnp.array([[0,1], [2,3], [4,5], [6], [8.9]]D)

def run_for_omega(state, omega):
# BS params depending on omega
pol_filter_params_omega = jnp.array([jnp.pi/2 - 2*omega,
0.0])
state = apply_bs(state, pol_filter_params_omega, (6,7))
# Compute probabilities
return det_threshold(state, det_modes)

# Vectorize over a grid of omega
num_points = 100 # resolution of sweep

omegas = jnp.linspace (0.0, jnp.pi, num_points)
probs_all = jax.vmap(lambda w: run_for_omega(state, w))(omegas
)

The original result by Zeilinger group and the result of our experiment in EsQueranto
are shown in Figure 2.10.
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Figure 2.10: Comparison between the simulated experiment result in EsQueranto
(a), and the original result by Zeilinger group (b). We perfectly recover the two sine
curves shifted by a factors.

Looking at this last piece of code it's interesting to notice the use of vmap instead
of a more trivial for loop that one would try to implement in Python.

We decided to show these three examples as they are experimental simulations of
phenomena that are particularly relevant in the context of quantum networks. How-
ever, they are not representative of all the simulation tools present in EsQueranto.
In fact, in the original propsal [25], explicit use of squeezing e ects (SPDC) is made
to enhance quantum telescopes.



Chapter 3

Discovery with EsQueranto

3.1 Towards rediscovery

In the rst two chapters, we provided an introduction to quantum networks, their
signi cance, and their underlying components. We then discussed various Al models
that have been used over the years in the simulation and discovery of new experi-
mental apparatus, nally introducing our new simulator, EsQueranto, which we now
want to apply to quantum networks. In this chapter, we will see how to conceive of
the problem in the most general way possible, both from the point of view of the
elements of the experimental apparatus and in terms of the strategy (i.e., the pro-
tocol) to be followed in order to use them. We will then describe how EsQueranto
Is used to address the discovery problem and nally present the results obtained,
highlighting the strengths and current limitations.

3.1.1 Notable examples of ansatz

Let us begin by noting that producing extremely general ansatzes to discover ex-
perimental blueprints is an idea that has been around for some years, and in elds
relatively distant from ours. We can cite, for example, the discovery of new de-
signs for super-resolution microscopes by XLumina [44] or the numerous series of
new gravitational wave detectors proposed in the Gravitational Wave Detector Zoo
[29]. The ansatz of the former is shown in Figure 3.1, that of the latter in Figure
3.2. Without going into the physical details of these two approaches, what we are
interested in noting is their structure based on fundamental constituent units that
can then be repeated an arbitrary number of times, enlarging the complexity of
the solution space at will. The salient feature of these diagrams is their ability to
represent the experimental apparatus devised and already known to scientists (an
example for the gravitational wave detector is shown in Figure 3.3). It is precisely
this ability that we want to try to replicate in our case.

3.1.2 Our proposal for an ansatz

Let us begin by addressing the issue of the most general possible representation of
the apparatus, understood as the set of optical instruments that operate on photons.

27
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Figure 3.1. XLumina ansatz for the discovery of new-generation microscopes.

Figure 3.2: UIFO (universal interferometer) nsatz for the discovery of new gravita-
tional waves detectors.

Figure 3.3: How to represent a known human solution (LIGO Voyager) in the UIFO
ansatz.
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Figure 3.4: Our ansatz for representing all the repeater-like structures. We have in
principle an arbitrary number of EPR sources, memories (in gray) and detectors.

Later on, we will address the question of an ansatz for the protocol. Recalling the
structure of the quantum repeater seen in previous chapters, let us imagine our space
as shown in Figure 3.4. Our goal is to allow photons, both those released immediately
into the circuit and those released from quantum memories, to interact as fully as
possible. To reduce complexity (for reasons that will be clari ed later), we decide
to start directly with EPR sources that generate states j*i = pl—i(jHHi +jV Vi,

and not to allow photons that will be written into quantum memories to interact
before this happens. One could wonder why we choose to work with polarization
encoding rather than Fock encoding, since the former is much more expensive in
terms of number of modes we have to represent. The reason is closely linked to
the nature of the system we are studying. In systems that involve loss, working
with entangled states between a single photon and the vacuum makes it extremely
di cult to recognise the loss correctly, because it converts one element of the basis
(11i) into another (jOi), e ectively constituting a bit ip. Crucially, we are no longer

able to determine whether the bit ip we observe is due to a deliberate operation
in the circuit or whether it is due to the simple loss of the photon. This does not
happen in dual-rail encoding, because the loss sends j10i;j01i to jOOi, and we are
immediately able to ag the loss and act accordingly.
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We must now clarify the components of this ansatz one by one.

3.1.2.1 Universal multiport interferometer

In the ansatz shown in Figure 3.4, we do not specify the form that the unitary
describing the interaction between photons should take in terms of optical tools.
Fortunately for us, in physics it is well known that any unitary can be achieved
through a set of beam splitters and phase shifters, as rst proposed in [43] and then
perfected in [13].

The concept underlying these constructions is that of a universal multiport inter-
ferometer. By this expression one refers to an optical network that can implement,
in principle, any unitary transformation

uacmm; VU =1 y; (3.1)

acting on m input modes of light. Since the evolution of non-interacting photons
through a passive linear-optical circuit is fully characterized by such an m m
unitary, the ability to synthesize arbitrary U directly implies universality of linear
optics.

The Reck decomposition [43] provides a constructive proof of this statement:
starting from an arbitrary target unitary U, one systematically eliminates its o -
diagonal entries by means of a sequence of two-mode operations, each corresponding
to a tunable beam splitter followed by appropriate phase shifters. This procedure
iIs mathematically equivalent to a QR decomposition [22] of U into a product of
elementary unitaries acting only on two neighboring modes:

m(ny’L)=2
U= Tk; (3.2)
k=1
where each T is a 2 2 transformation embedded in the m-dimensional Hilbert
space. A beam splitter unitary we saw in Eq., and arbitrary phase shifters are used
to set relative phases between modes. Hence, by chaining such building blocks one
can reproduce the action of any U.

From a practical perspective, the Reck scheme arranges these beam splitters in
a triangular geometry, in which mode 1 interacts sequentially with all other modes,
followed by mode 2, and so on, as shown in Figure 3.5. While elegant, this geometry
is not ideal, as it leads to long optical paths and unbalanced propagation losses [12,
49].

For this reason, Clements et al. [13] proposed an alternative decomposition that
rearranges the same set of two-mode transformations into a rectangular geometry
(see Figure 3.6). This guarantees equal optical depth across all paths, reducing
circuit depth to O(m) and improving stability against fabrication imperfections. In
this architecture, each layer of the interferometer implements m=2 disjoint beam
splitter operations in parallel, and layers alternate between odd-even and even-odd
mode pairings. Both decompositions are universal and employ the same number of
beam splitters, namely m(m 1)=2. However, they di er signi cantly in how errors
propagate. In the triangular Reck scheme, an error in an early beam splitter a ects
all downstream operations, while in the Clements scheme errors are more evenly
distributed, as Figure 3.7 illustrates.
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Figure 3.5: Reck-Zeilinger triangular scheme for the implementation of any unitary.

Figure 3.6: Clements rectangular scheme to implement any unitary. The basic
component is a BS with phase shifters at input ports and output ports.

Figure 3.7: Left: average delity for an interferometer with a constant loss of 0:2
dB per beam splitter, for di erent interferometer sizes. Right: delity as a function

of loss for interferometers implementing transformations. We see from these results
that Clements design is much more loss-tolerant than the Reck design and maintains
high delity with the target unitary even in the case of high loss.
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Figure 3.8: Representation of the quantum repeater setup. Here the two external

sources are local with A and B respectively, while the repeater sources are in the
middle, % Measurements between the two external sources and the repeater happen
at £ and 2= respectively.

3.1.2.2 Introducing loss

At this point, we might believe that using the diagram in Figure 3.6 to represent
the unitaries in Figure 3.4 is su cient to provide a fairly general description of
the system. However, this ceases to be true if we decide to introduce photon loss.
As already mentioned several times, we are considering photons travelling through
optical bres, and optical bres can be schematised as pure-loss bosonic channels
described by Eq. 1. Now, the most straightforward assumption we make is that each
element of this scheme is connected to each of its neighbours via an optical bre,
which will introduce a loss if the two connected elements are not in the same position
(i.e. there is a non-zero displacement). Limiting ourselves to a 1-D geometry, this
means that by assigning each element of the scheme a positignwe can schematize
the path of the photon-mode in the network by looking at the sequence of positions
of the elements that mode goes through. This is easy to understand by looking
at the example for the single repeater in Figure 3.8. If we tried to embed such a
scheme in the general ansatz using the Reck-Clements representation, we would hit
the contradiction of Figure 3.9. Therefore it is necessary to enlarge our ansatz, by
adding some vacuum ancilla that allow us to control the geometry of the system
without losing generality. A working ansatz is shown in Figure 3.10.

3.1.2.3 Making sense of the detectors

Now that we have a general approach, which is also capable of representing the ge-
ometry of the system, all that remains is to discuss the last optical element we use:
the detector. Detection plays a fundamental role in this type of scheme, especially
if we consider the objective of our quantum network, which is to share an entangled
pair between two parties separated in space, so that they can use it for subsequent
operations. This implies that the photons constituting the shared pair must not be
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Figure 3.9: Minimal use of the Clements scheme as an ansatz. We consider just one
mode per photon, and we x the position of only A (0) and B (L). We realize that

we cannot correctly reproduce the geoemtry of the quantum repeater, because the
rst two sources and the last two are forced to be local within each other (the rst
two have position x, the second two %. By the same logic, we cannot make the two
BSM local, as one detector will be in xor x5 and the other in X, and vice-versa.
The only possibility to have local BSM would be x = x5 = X, but this means tha

we cannot materialize the repeater node.
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Figure 3.10: Minimum general and working ansatz if we want to make all the photons
interact while allowing for non-trivial geometries. Now it's easy to see how all sources
can safely occupy their own position, and also BSM can happen locally (x;, Xk).

We are at the same time allowing all orders of interactions between photons in the

two circuits.
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measured, since measuring them at the detectors would destroy them, thus prevent-
ing their further use. It is for this reason that we speak in these cases of heralding,
as opposed to post-selection, in which all photons are measured at the detectors.
The di erence between the two methods is shown in the gure, and actually we can
nd an example of each already in this work; in fact, the generation of an entan-
gled pair through BSM that occurs in quantum repeaters is a classic example of
heralding, while the experiment used to demonstrate entanglement swapping itself
[39] (and which we reproduced with EsQueranto) uses post-selection, measuring all
the photons involved. In the latter, post-selection is required because it is a proof
of principle experiment, but in general, quantum technologies must be based on
heralding, otherwise we would not be able to use any of the states we generate.
Broadly speaking, there are two categories of detectors that we can consider:
threshold and photon-number-resolving (PNR). Measurements with threshold detec-
tors provide a binary outcome, which is usually the presence or absence of photons.
PNR detectors, on the other hand, are capable of distinguishing and quantifying the
number of photons measured at a given time. In the following we'll consider thresh-
old detectors, in the spirit of what's typically done with dual-rail encoded photons.
In the last chapter we'll however use PNR for some interesting applications.

3.1.3 The most general protocol

While for the works we mentioned earlier [44, 29], an experimental apparatus ansatz
is essentially all that is needed to perform optimization aimed at discovering new

setups, in our case there is a non-trivial level of decision-making that needs to be
represented in some way. In fact, if we consider the quantum repeater, the quality of

the scheme is not only measured in terms of the state we can generate through the
use of all the resources involved, but is clearly characterized by the fact that, based
on the detection pattern observed, we must make di erent choices. With reference

to Figure 3.8, we can describe the quantum repeater protocol in these terms:

" All sources re an EPR pair; one photon from each pair is written to a quantum
memory, while the other is sent to a BSM station.

If we observe photons in all four detectors, this indicates that both BSMs were
successful, and therefore all memories are in the correct state and can release
the photons (we call this complete success).

If, on the other hand, we observe only one pair of detectors clicking, while in
the other only one detector clicks, or neither of them, this means that only
one of the BSMs was successful, and therefore only two memories will be in
the correct state (we call this partial success). This implies that a non-trivial
choice must be made, namely to x the result in one part of the scheme and
reinitialize only the other section.

If instead no pair of detectors clicks together, meaning no BSM was successful
(we call this failure), we restart from scratch.
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" When all the memories are ready we release them, performing another BSM
with the middle photons; if we observe a double click (we call this success) we
are done, otherwise, if we fail the BSM (again failure) we restart from scratch.

If we now look at the general scheme we set as our ansatz in Figure 3.4, we can
outline the most general protocol based on all the discrete events that may
occur during a round of experiment and the corresponding choices we could make.
Let's enumerate the general procedure:

1. Initially all the sources are connected to the network and they re in parallel,
while the memories are empty;

2. We observe a certain detection pattern at the detectors of the rst unitary, and
based on that we can decide to start again from scratch, keep some memories
xed and restart the others, keep all the memories and move to the second
unitary;

3. To start again from the beginning means that we throw away the information
stored in all the memories and we |l them up again;

4. Keeping some memories xed means that we have heralded the desired creation
of states in those, but not in the others, so we have to repeat some processes
until we herald the desired states also in the missing memories;

5. Immediately moving to the second unitary means that we heralded the creation
of the desired states in all the memories, and we can release the information
contained there in the rest of the network;

6. We release the information contained in the memories simultaneously (the rst
and second unitary are not active at the same time) and we herald through
the detectors the production of the desired state between A and B. If we get
the correct heralding the procedure is successful, otherwise we have to restart
from scratch.

A summary diagram of such a general protocol is shown in Figure 3.11.

3.1.4 Engineering the loss function

We now have a su ciently general scheme to represent a broad range of possible
experimental setups (which also contains the known solutions), and a logical pro-
cedure that tells us what possibilities we have for each observed event. We now
need to translate these tools into mathematical objects that can be easily used in
an optimization problem. We are actually missing a loss function. It is quite clear
that there are two fundamental elements to focus on: the rst is network e ciency,
l.e. the time required to perform the entire entangled pair sharing operation; the
second is ensuring that the generated pair has a very high delity with respect to
the Bell pair we want to generate. We can therefore imagine a loss function of the

type
L=E+ softplus(F w F); (3.3)
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